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Abstract

A new unstructured-grid high-order characteristics upwind ®nite-volume algorithm for accurate numerical simulation of in-

compressible laminar ¯ow and forced convection heat transfer over a composite system containing simultaneously porous-saturated

region and ¯uid region is presented in this paper. It is an upwind method at both the di�erential equation and discretized equation

levels based on the method of characteristics. Flow variables are calculated along characteristics and their initial values are inter-

polated based on the signs of the corresponding characteristic speed. In addition, an upwind-based interpolation method of third-

order accuracy is used for interpolating ¯ow variables on an unstructured grid. With these inherent upwind techniques for evaluation

of convection ¯uxes at control volume surfaces, no arti®cial viscosity is required. The discretized equations are then solved by an

explicit multistage Runge±Kutta time stepping scheme together with a point-implicit treatment of the source terms. Uni®ed governing

equations for the ¯uid and porous media regions are employed, and the matching conditions at the ¯uid±porous interface are thus

satis®ed automatically. This signi®cantly reduces the complexity of the traditional method, which considers two regions separately. A

detailed numerical investigation of ¯uid ¯ow over a backward-facing step with a porous block insert directly behind the step is

performed, in order to validate the numerical method, demonstrate the accuracy and robustness of the scheme proposed and explore

the use of porous inserts for heat transfer enhancement in recirculating ¯ow. Ó 2000 Elsevier Science Inc. All rights reserved.
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1. Introduction

Theoretical and numerical investigations of ¯uid ¯ow and
forced convection heat transfer in a composite system con-
taining simultaneously ¯uid region and porous region satu-
rated with the same ¯uid have increased during recent years.
This interest is due to the wide range of engineering applica-
tions such as direct contact heat exchangers, heat pipes, elec-
tronic cooling, etc. It has been demonstrated that insertion of
porous material can have a positive e�ect on convective heat
transfer. Hadim (1994) numerically studied the laminar forced
convection in a fully or partially porous channel with discrete
heat sources on the bottom wall. Huang and Vafai (1994) re-
ported numerical results for forced convection enhancement in
a channel using multiple emplaced porous blocks, and Fu et al.
(1996) studied the thermal performance in laminar channel

¯ow with only one porous block later. Abu-Hijleh (1997) in-
vestigated ¯ow over a backward-facing step with a porous
¯oor segment. More recently, numerical results for heat
transfer enhancement with porous inserts in the recirculation
region of a ¯ow over a 2D backward-facing step were pre-
sented by Martin et al. (1998).

All above-referred investigations were based on traditional
numerical method for incompressible ¯ow simulation on
structured grids (Patankar, 1980). Here, a new high-order up-
wind ®nite-volume method based on the method of character-
istics for calculating incompressible ¯ow over a porous/¯uid
composite system is presented. The upwind bias is introduced
at both the di�erential equation level and the discretized
equation level. Thus it is less sensitive to grid orientation,
making it more suitable for unstructured grid application.
Traditionally, the method of characteristics is used primarily
for compressible ¯ow calculations (Eberle, 1985). However,
with the introduction of the pseudo-time derivative of pressure
in the continuity equation (Chorin, 1967), it is possible that the
incompressible equations can also be solved by a similar
method of characteristics. Based on this idea, a high-order
upwind characteristics method has been developed for numer-
ical solution of incompressible ¯ow equations on unstructured
triangular grids (2D) for convection heat transfer simulation.
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It is shown that this method is mathematically simpler and can
be easily extended to arbitrary 3D unstructured grids in the
®nite-volume frame work together with high-order schemes
such as MUSCL interpolation. With these inherent upwind
techniques for evaluating convection ¯uxes at control volume
surfaces, no arti®cial viscosity is required. The use of the ®nite-
volume method combined with unstructured grids makes the
scheme very ¯exible in dealing very complex boundary geom-
etry, while maintaining fully conservative at both the cell level
as well global level. The discretized equations are solved by a
multistage Runge±Kutta time stepping scheme. Combined with
point-implicit treatment of the source terms and implicit
smoothing of residuals this method is found to be robust and
e�cient even for sti� problems such as ¯uid ¯ow in porous
media with low Darcy number.

In order to validate the computer code developed and
demonstrate the accuracy and robustness of the scheme, a
detailed numerical investigation on ¯uid ¯ow over a 2D
backward-facing step with a porous block insert directly be-
hind the step is performed. The result obtained shows that the
use of even relatively lower thermal conductive porous insert
can improve heat transfer performance greatly.

2. Mathematical model

A schematic of the physical model for a speci®c porous/
¯uid composite system is shown in Fig. 1. This diagram

displays a 2D incompressible ¯ow over a backward-facing
step, the channel is partially ®lled directly behind the step with
a porous matrix insert. It is assumed that the ¯ow is steady,
laminar, incompressible, and two-dimensional. The porous
medium is considered to be homogeneous, isotropic, and in
local thermodynamic equilibrium with saturated ¯uid. In ad-
dition, the thermophysical properties of the ¯uid and the solid
matrix are assumed to be constant.

The governing conservation equations for the present
problem can then be written separately for the ¯uid region and
porous region. The ¯ow over the ¯uid region is governed by
the incompressible Navier±Stokes equation, and the ¯ow
through the porous medium is governed by the generalised
momentum equation, which accounts for the e�ect of the in-
ertia and friction caused by macroscopic shear stress (Vafai
and Tien, 1981). In this study, the Brinkman±Forchheimer±
Extended Darcy model is used to model the ¯ow inside the
porous region. These two sets of equations are coupled
through the matching conditions at the ¯uid/porous interface.
These conditions express continuity of normal and tangential
velocities, pressure, normal and shear stresses, temperature,
and heat ¯ux.

In our present work, the two sets of governing equations
are uni®ed into one set by introducing a binary parameter
(Hadim, 1994)

k �
1 in the prous regions; 0 < e < 1;

0 in the fluid regions; e � 1:

(

In the fully porous channel case or no-porous insert case, k
is set to equal 1 or 0 throughout the channel, respectively.
When we solve the derived uni®ed governing equations, the
matching conditions at the ¯uid/porous interface are auto-
matically satis®ed, so that the numerical solution procedure is
greatly simpli®ed.

The resulting dimensionless governing equations modi®ed
by the arti®cial compressibility method can be expressed as

Notation

a length of porous insert
c speci®c heat
Da Darcy number, K=H 2

F inertial coe�cient
~Fc convective ¯ux vector
~Fv viscous ¯ux vector
H channel height
hl head loss
k thermal conductivity
K permeability of the porous medium
L channel length
Nu Nusselt number
Pr Prandtl number, mf=af

p pressure
q heat ¯ux
Re Reynolds number, uavH=mf

Rk thermal conductivity ratio, keff=kf

Sp source term due to porous insert
t time
T temperature
u, v velocity components in the x- and y-directions
~U velocity vector
uav inlet averaging streamwise velocity
W vector of dependent variables

Greeks
a thermal di�usivity
b arti®cial compressibility
c kinetic energy coe�cient
e porosity of porous medium
k binary parameter
kk wave speed
m kinetic viscosity
n normal co-ordinate
q density
r heat capacity ratio
u smoothing coe�cient

Superscripts
n time step counter
� dimensionless quantity

Subscripts
av average
b bulk
e� e�ective
f ¯uid
h homogeneous
i inlet
o outlet
w wall

Fig. 1. Schematic of the physical model.
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oW
ot
�r �~Fc � r �~Fv � Sp; �1�

where

W �

p�

k
e ÿ �kÿ 1�� �

~U �

�k�rÿ 1� � 1�~T �

266664
377775;

~Fc �

k
e ÿ �kÿ 1�� �

b~U �

k
e2 ÿ �kÿ 1�� �

~U �~U � � p�dij

T �~U �

2666664

3777775;

~Fv �

0

k
e ÿ �kÿ 1�� �

1
Re

ou�i
ox�j
� ou�j

ox�i

� �
�k�Rk ÿ 1� � 1� 1

PrRerT �

2666664

3777775;

Sp �

0

k 1
DaRe� F����

Da
p ~U �
��� ���� �

~U �

0

2666664

3777775:
Here W is the vector of dependent variables and ~U � the ve-
locity vector; ~Fc and ~Fv are the convective ¯ux and viscous ¯ux
vector; Sp is the source term due to the presence of the porous
medium. b is a constant called arti®cial compressibility whose
value a�ects the solution convergence to steady state. Note
that the ®eld variables in the porous region are volume-aver-
aged quantities as described by Vafai and Tien (1981).

The dimensionless variables used in above equations are
de®ned as follows:

x� � x
H
; y� � y

H
; u� � u

uav

; v� � v
uav

;

t� � t
H=uav

; p� � p ÿ po

qu2
av

; T � � T ÿ Ti

qH=k
;

r � �qc�eff

�qc�f
; Rk � keff

kf

;

Re � uavH
mf

; Pr � mf

af

; Da � K
H 2

:

As for the ¯ow problem depicted in Fig. 1, no-slip and no-
penetration boundary conditions are imposed at the solid
walls. At the inlet, ¯uid has uniform temperature Ti, and a fully
developed laminar ¯ow pro®le is prescribed; the downstream
end of the computation domain was placed su�ciently far
from the step, thus the pressure there can be assumed to be
constant. Upper and lower walls are supplied a constant heat
¯ux, while the temperature of step wall is also ®xed at Ti.

A pair of local Nusselt numbers was evaluated in our study,
namely,

Nuw � qH
�Tw ÿ Tb�kf

; �2�

where Tb is the bulk temperature, and

Nu � qH
�Tw ÿ Ti�kf

: �3�

Frictional losses resulting from the porous insert are cal-
culated in terms of the head loss, which can be expressed as

hl � �pi

qf

 
� ci

u2
av;i

2

!
ÿ �p0

qf

 
� co

u2
av;o

2

!
; �4�

where �pi and �po are the average inlet and outlet pressures,
and ci and co are the kinetic energy coe�cients (Fox and
Mcdonald, 1992).

3. Numerical approach

3.1. Finite-volume method

The 2D equations in (1) are discretized on an unstructured
grid. A cell-vertex scheme is adopted here, i.e., all computed
variables in vector W are stored at vertices of the triangular
cell. For every vertex, as shown in Fig. 2, a control volume is
constructed using the median dual of the triangular grid.

Spatial dicretization is performed by using the integral form
of the conservation equations over the control volume sur-
rounding node or vertex P,

o
ot

Z Z
Scv

WP dS �
Z Z

Scv

r �~Fc dS

�
Z Z

Scv

r �~Fv dS �
Z Z

Scv

Sp dS: �5�

The convection term is transformed in order to introduce the
upwind scheme using an edge-based procedure,Z Z

Scv

r �~Fc dS �
I
Lcv

~Fc �~ndl �
Xnedge

k�1

��~Fc�kij �~nDlk �; �6�

where nedge is the number of the edges associated with vertex
P, �~Fc�kij is the convection ¯ux through the part of control
volume boundary (similar to 1-Mij-2 in Fig. 2) whose length is
Dlk . Therefore, all the ¯uxes are calculated for the edges and
then collected at the two ends of each edge for updating of ¯ow
variables in time-marching.

The viscous term is calculated by a cell-based method,Z Z
Scv

r �~Fv dS �
I
Lcv

~Fv � d~l �
Xncell

i�1

�~Fv � D~lc�i �
1

2

Xncell

i�1

�~Fv � D~lp�i;

where D~lci is the part of control volume boundary in cell Ci,
and D~lpi is the edge vector of the cell edge opposite to vertex P
of the triangle under consideration. Here the �~Fv�i is calculated
at the centre of the triangle cell with a vertex P, which can be
obtained by using GreenÕs Theorem based on the variables at
the three vertices of the triangle. Similar to the Galerkin type

Fig. 2. Construction of the control volume at vertex P.
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of formulation, the gradient of a ¯ow variable U at the center
of a cell is evaluated as

gradUc � ÿ 1

2

P3
i�1 Ui

~li

A
;

where Ui is the ¯ow variable at a vertex i of the cell and~li is the
edge vector opposite to vertex i, A is the area of the triangular
cell. Gradient at vertices are obtained by a volume averaging
of the gradients at the center of cells associated with the vertex
under consideration (Zhao and Winterbone, 1995).

3.2. Upwind-biased interpolation

Here an edge-based method of calculating the total inviscid
¯ux is adopted by calculating and storing the ¯ux integrals
based on the edges. Such a treatment leads to higher e�ciency
in computation and reduced data storage requirement.

The left and right state vectors WL and WR at a control
volume surface are evaluated using the upwind-biased inter-
polation scheme

WL � Wi � 1
4
��1ÿ j�Dÿi � �1� j�D�i �;

WR � Wi ÿ 1
4
��1ÿ j�D�j � �1� j�Dÿj �;

where

D�i � Dÿj � Wj ÿ Wi ;

Dÿi � Wi ÿ Wiÿ1 � 2 ij
!� rWi ÿ �Wj ÿ Wi� � 2 ij

!� rWi ÿ D�i ;

D�j � Wj�1 ÿ Wj � 2 ij
!� rWj ÿ �Wj ÿ Wi� � 2 ij

!� rWj ÿ Dÿj :

Therefore

WL � Wi � 1
2
��1ÿ j� ij!� rWi � jD�i �;

WR � Wj ÿ 1
2
��1ÿ j� ij!� rWj � jDÿj �;

where j is set to 1/3 which corresponds to a nominally third-
order accuracy scheme.

3.3. Upwind characteristics method

The Euler equation modi®ed by ChorinÕs method are re-
written in partial di�erential form in a Cartesian coordinate
system for the derivation of the method of characteristics,

op
ot
� b

ouj

oxj
� 0;

oui

ot
� uj

oui

oxj
� ui

ouj

oxj
� op

oxi
� 0;

oT
ot
� uj

oT
oxj
� 0;

�7�

where subscripts i and j equal 1 or 2, representing two spatial
coordinates. Suppose that n is a new coordinate outward
normal to the boundary of a control volume that surrounds a
particular vertex. In order to extend the method of charac-
teristics to the unstructured grid solver, it is assumed that ¯ow
in n direction is approximately one-dimensional and the above
equations can then be transformed into

op
ot
� b

ouj

on
nxj � 0; �8�

oui

ot
� uj

oui

on
nxj � ui

ouj

on
nxj �

op
on

nxi � 0; �9�

oT
ot
� uj

oT
on

nxj � 0; �10�

where nxi � on=oxi and nxj � on=oxj.
In the t±n space as shown in Fig. 3, ¯ow variable W at time

level n� 1 can be calculated along a characteristics k using a
Taylor series expansion and the initial value at time level n
(W k),

W � W k � WnntDt � WtDt

and

Wt � W ÿ W k

Dt
ÿ Wnnt:

A wave speed kk is introduced

nt � kk
�����������
nxi

nxi

p
and the normal vector components are

nxj �
nxj�����������
nxi

nxi

p :

Substituting components of Wt into Eqs. (8)±(10), we have

1�����������
nxinxi

p �p ÿ pk�
Dt

ÿ pnk
k � b�unnx � vnny� � 0; �11�

1�����������
nxi

nxi

p �uÿ uk�
Dt

ÿ un�k0 ÿ kk� � u�unnx � vnny� � pnnx � 0;

�12�

1�����������
nxinxi

p �vÿ vk�
Dt

ÿ vn�k0 ÿ kk� � v�unnx � vnny� � pnny � 0;

�13�

1�����������
nxinxi

p �T ÿ T k�
Dt

ÿ Tn�k0 ÿ kk� � 0; �14�

where k0 is the contra-variant velocity

k0 � unx � vny :

In order to derive the compatibility equations, the spatial de-
rivatives, such as un, vn, pn and Tn have to be eliminated from
the above equations. Following the approach of Eberle (1985)
for compressible ¯ow equations, each of the above four
equations is multiplied by an arbitrary variable and all the
resulting equations are summed to form a new equation

1

Dt
�����������
nxinxi

p Aÿ pnB� unC � vnD� TnE � 0; �15�

Fig. 3. t±n coordinate.

B. Zhang, Y. Zhao / Int. J. Heat and Fluid Flow 21 (2000) 432±441 435



where

A � a�p ÿ pk� � b�uÿ uk� � c�vÿ vk� � d�T ÿ T k�;
B � ÿakk � bnx � cny ;

C � anxb� b�k0 ÿ kk � unx� � cvnx;

D � anyb� buny � c�k0 ÿ kk � vny�;
E � d�k0 ÿ kk�
and a, b, c and d are the arbitrary variables used to multiply
the equations. We de®ne the coe�cients of the partial space
derivatives to be zero, i.e., A, B, C, D and E are zero,

A � 0; �16�

B � 0; �17�

C � 0; �18�

D � 0; �19�

E � 0: �20�
Eqs. (16)±(21) constitute a linear system UX � 0 with
X � fa; b; c; dg. Variables a, b, c and d are generally non-zero,
thus the system of equations has non-trivial solution. This
means that det�U� � 0, and the following eigenvalues can be
derived as

k1 � k2 � k0;

k3 � k1 � k0 �
�������������������
�k0�2 � b

q
;

k4 � k2 � k0 ÿ
�������������������
�k0�2 � b

q
:

For each eigenvalue or characteristics speed, characteristic
equations can be derived from Eqs. (16)±(20). For example, for
kk � k0, we have

a � bnx � cny

k0
:

Substituting this into Eq. (16), we obtain

bnx � cny

k0
�p ÿ p0� � b�uÿ u0� � c�vÿ v0� � d�T ÿ T 0� � 0;

i.e.,

b�nx�p ÿ p0� � k0�uÿ u0�� � c�ny�p ÿ p0� � k0�vÿ v0��
� dk0�T ÿ T 0� � 0:

For any b, c and d, the above equation is always satis®ed.
Therefore all the terms in square brackets are zero. As a result,
we have

�uÿ u0�ny ÿ �vÿ v0�nx � 0; �21�

T � T 0: �22�
For k � k1

p ÿ p1 � ÿk1��uÿ u1�nx � �vÿ v1�ny �: �23�
For k � k2

p ÿ p2 � ÿk2��uÿ u2�nx � �vÿ v2�ny �: �24�
Finally, all the variables are determined using the above
characteristics equations (21)±(24):

u � fnx � u0n2
y ÿ v0nxny ;

v � fny � v0n2
x ÿ u0nynx;

p � p1 ÿ k1��uÿ u1�nx � �vÿ v1�ny �
or

p � p2 ÿ k2��uÿ u2�nx � �vÿ v2�ny �;
where

f � 1

2C
�p1 ÿ p2 � nx�k1u1 ÿ k2u2� � ny�k1v1 ÿ k2v2��;

C �
�������������������
�k0�2 � b

q
:

Flow quantities at time level n� 1 obtained from the above
equations on the characteristics are then used to calculate
convection ¯uxes at the control volume interface, while those
on di�erent characteristics at time level n are approximately
evaluated by an upwind scheme using the signs of the char-
acteristics as suggested by Drikakis et al. (1994),

W j � 1
2
��1� sign�kj��WL � �1ÿ sign�kj��WR�;

where WL and WR are obtained by the upwind-biased inter-
polation.

3.4. Time integration

Finally, for a certain vertex P, the spatially discretized
equations form a system of coupled ordinary di�erential
equations, which may be written as

o
ot
�Wp� � ÿ 1

DScv

Xnedge

k�1

��~Fc�kij �~nDlk��
(

ÿ 1

2

Xncell

i�1

�~Fc �~nDlP �i
)
� Sp

�ÿ 1

DScv

Q�WP � � Sp � ÿR�WP �; �25�

where the right-hand side represents the residual error, or
deviation from steady state.

The steady state solution is reached by integration in time
of the above equation. This is performed using an explicit
Runge±Kutta scheme. To advance the solution in time from n
to n� 1, the general formulation of a m-stage Runge±Kutta
scheme is

W �0�
P � W n

P ;

W �1�
P � W �0�

P ÿ a1DtR�W �0�
P �;

..

.

W �mÿ1�
P � W �0�

P ÿ amÿ1DtR�W �mÿ2�
P �;

W �m�
P � W �0�

P ÿ amDtR�W �mÿ1�
P �;

W n�1
P � W �m�

P ;

where the coe�cients aj, j � 1;m are the standard weights of
the Runge±Kutta time integration. A ®ve-stage scheme is used
in this study.

The local time step size is estimated via CFL stability
condition

Dt � CFL � Dl
Max�kj� ; j � 0; 1; 2:

Here Dl is the length scale associated with a node under con-
sideration. Normally, it is taken as the smallest height of all the
cells sharing the node.

3.5. Convergence acceleration techniques

3.5.1. Point-implicit treatment to the source terms
It has been found that the explicit solutions of the spatially

discretized Eq. (25) might encounter low convergence rate and

436 B. Zhang, Y. Zhao / Int. J. Heat and Fluid Flow 21 (2000) 432±441



even instability problems caused by the source terms in the
governing equations. Therefore, a point-implicit treatment is
introduced for the source terms in the governing equations.
This can be expressed as

oWP

ot
� ÿQ�WP �

DScv

� Sn�1
p : �26�

Here, the source Sp is treated implicitly by using the Taylor
expansion. Sp at the time step n� 1 can be evaluated as

Sn�1
p � Sn

p �
oSp

oWP

oWP

ot
Dt:

Then, Eq. (26) becomes

oWP

ot
� R�WP �

1ÿ Dt�oSp=oWP �
ÿ � ; �27�

where R�WP � � ÿ�Q�WP �=DScv� � Sn
p, and oSp=oWP can be

easily obtained.
Numerical tests showed that the present treatment is very

e�ective in obtaining convergent solutions.

3.5.2. Implicit residual smoothing
The idea behind this is to replace the residual at one point

of a ¯ow ®eld with a smoothed or weighted average of the
residuals at the neighboring points. The averaged residuals are
calculated implicitly in order to increase the maximum CFL
number, thus increase the convergence rate. Normally this
procedure allows the CFL number to be increased by a factor
of 2 or 3. The smoothing equation for a vertex k can be ex-
pressed as

�Rk � Rk � ud2 �Rk ; �28�
where R is the original residual, �R is smoothed residual and e is
the smoothing coe�cient,

u � max
1

4

CFL

CFL�

� �2
"(

ÿ 1

#
; 0

)
; �29�

where CFL� is the maximum CFL number of the basic scheme.
The solution to the above equations can be obtained on an
unstructured grid by a Jacobi iterative method

�R�m�k � R�0�k � u
Xnumnod�k�

i�1

��R�m�i ÿ �R�m�k �;

i.e.,

�R�m�k � R�0�k � u
Pnumnod�k�

i�1
�R�mÿ1;m�

i

1� enumnod�k� ; �30�

where numnod�k� is the number of neighbouring nodes of
vertex k.

4. Results and discussion

The use of porous inserts for heat transfer enhancement in
the ¯ow over a backward-facing step has been ®rstly investi-
gated by Martin et al. (1998). In their study, the porous inserts
consist of square arrays of ®bres mounted transverse to the
streamwise ¯ow with highly conducting silicon carbide selected
as the ®bre material. Since the heat transfer improvements in
this ¯ow system is mainly owing to the changes in the nature of
downstream ¯ow ®eld, it is not necessary to use highly con-
ducting porous inserts in obtaining comparable enhancement.
Hence, in the present study, the conductivity of the porous
medium was taken to be equal to that of the ¯uid, so that the
e�ects of conduction within the solid matrix could be elimi-

nated. An isotropic high-porosity insert made of foam material
was selected, and the typical values of physical parameters
used in this study were: Re � 800, Pr � 0:72 and F � 0:1. The
parameter studies were concentrated on the e�ects of Darcy
number and the length of porous insert on the ¯uid ¯ow and
heat transfer performance in the channel.

Referring to Fig. 1, the ¯ow ®eld was solved by the ®nite-
volume method over a non-uniform triangular mesh with a
large concentration of nodes in regions of high gradients, such
as those close to the walls and the corner of the step. A mesh
which has 17,239 nodes and 33,111 triangular cells was em-
ployed. No more than 1% di�erence in results is found when
mesh density is further increased. The downstream channel
length was taken as 15 times channel height, i.e. 30 times step
height, such that the out¯ow boundary is far enough from the
step and its e�ects on the ¯ow and heat transfer in the up-
stream region of the channel are negligible.

The validity of the numerical scheme was veri®ed by com-
paring with relevant results reported in the literature. The basic
characteristics of the backward-facing step ¯ow at Re � 800 is
illustrated in the streamline plot of Fig. 4(a), where two sep-
aration zones exist in the channel. The results of this study are
also compared quantitatively with those obtained by Gartling
(1990) and Martin et al. (1998) as shown in Fig. 4(b) and (c).
Results for fully developed ¯ow in a fully porous channel with
constant heat ¯ux at the walls were compared with the ana-
lytical solutions reported by Lauriat and Vafai (1991) and
Vafai and Kim (1989) (see Fig. 5). It should be noted that

Fig. 4. Backward-facing step ¯ow at Re � 800: (a) streamline plot; (b)

streamwise velocity pro®le at x=H � 7; (c) lower wall Nusselt number

versus axial location.
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Vafai and KimÕs solution is valid up to Da � 1 when inertial
e�ects are included. As for the case of ¯ow over a composite
porous/¯uid system, systematic validation was conducted by
comparing the heat transfer results with those obtained by
Hadim (1994) for forced convection in a partially porous
channel with discrete heat sources (Fig. 6). Good agreement
can be found in these comparisons, thus verifying the methods
proposed.

4.1. Hydrodynamic results

It is believed that the presence of porous inserts can change
the characteristics of a ¯ow ®eld signi®cantly. The in¯uence of
the porous matrix inserts on the downstream ¯ow is clearly
shown in Figs. 7±9 for Da � 1� 10ÿ2, 1� 10ÿ3 and 1� 10ÿ4.
Note that the ¯ow ®eld in the ®rst 20 step heights of the
channel are presented only. Referring to Fig. 7 for the case of
highest Darcy number considered, the ¯ow ®eld is similar to
the homogeneous case when a=H � 0:1 (Fig. 4(a)), but both
the primary recirculation zone along the lower wall and the
secondary recirculation zone along the upper wall are short-
ened. However, no lengthening of the lower wall recirculation
zone is observed as reported by Martin et al. (1998). Further
increasing a=H , the size of lower wall recirculation zone is
successively reduced, and the upper wall recirculation zone has

been eliminated. When Darcy number is decreased, as shown
in Figs. 8 and 9, the lower wall recirculation zone is reduced in
size faster and eventually disappears at higher a=H value. In
addition, the upper wall separation can not be seen even with
the shortest insert. These changes of downstream ¯ow struc-
ture in the channel are owing to the bulk damping by the
presence of porous insert. As the ¯uid moves from the inlet
through the porous insert, the strong resistance causes the
streamwise velocity pro®le to be ¯attened, hence the ¯ow
separation behind the step is greatly damped. The bulk resis-
tance to ¯ow is increased as Darcy number decreases, the re-
circulation zone is ®nally eliminated if porous insert is long
enough.

Fig. 5. Comparison of fully developed centreline velocity.

Fig. 6. Variation of Nusselt number averaged over each heat source.

Fig. 7. Streamline plots for Da � 1� 10ÿ2: (a) a=H � 0:1; (b)

a=H � 0:2; (c) a=H � 0:3.

Fig. 8. Streamline plots for Da � 1� 10ÿ3: (a) a=H � 0:1; (b)

a=H � 0:2; (c) a=H � 0:3.

Fig. 9. Streamline plots for Da � 1� 10ÿ4: (a) a=H � 0:1; (b)

a=H � 0:2; (c) a=H � 0:3.
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The ¯attening of velocity pro®les due to the porous inserts
can be seen in Fig. 10, where u velocity pro®les at the location
of one step height downstream of the step for a=H � 0:1 and
0.3 is displayed. As expected, the deviation from the homo-
geneous case is more evident with a decrease in Darcy number
and/or an increase in length of the porous inserts. Large de-
viations in velocity pro®le are also found at a downstream
location of x=H � 7 (Fig. 11), since the upper wall separation
usually no longer exists in the presence of porous inserts.

When a porous insert is used for heat transfer enhancement
in the channel, the penalty arising from increased frictional
loss must be considered carefully. The dimensionless channel
head loss (normalized by the homogeneous value) is displayed
in Fig. 12 as a function of insert length for di�erent Darcy
numbers. It is found that friction losses resulting from porous
inserts rise almost linearly with insert length. A substantially
increase in frictional loss is observed as the Darcy number is
decreased. The minimum head loss for eliminating the recir-
culation zone is about three and half times the no-insert value,
with a combination of a=H � 0:3 and Da � 1� 10ÿ3.

4.2. Heat transfer results

It is reasonable to expect that the change in the nature of ¯ow
®eld due to porous insert would greatly a�ect the temperature
distributions at channel walls. The lower wall temperature,
normalized by the maximum wall temperature for the homo-
geneous case, is illustrated in Fig. 13 as a function of axial lo-
cation for three Darcy numbers. For the homogeneous case, the
wall temperature peaks near the upstream edge of recirculation
zone, and reaches a local minimum value after reattachment.

When porous inserts are added, the maximum value of wall
temperature is reduced with increase in a=H and/or decrease in
Darcy number, and eventually disappears for a combination of
insert length and Darcy number. These trends are directly re-
lated to the length reducing or elimination of recirculation zone
behind the step. It have been found that more than 40%
reduction in local maximum temperature can be achieved after
¯ow separation is eliminated by the presence of porous inserts.

The results presented so far suggest that the addition of
porous insert could improve the heat transfer performance of
the studied problem. This is more clearly shown in Fig. 14,
where the axial distributions of the lower wall Nusselt number
for various combinations of insert length and Darcy number
are illustrated. As expected, the heat transfer enhancement is

Fig. 10. Streamwise velocity pro®les at x=H � 0:5: (a) a=H � 0:1; (b)

a=H � 0:3.

Fig. 11. Streamwise velocity pro®les at x=H � 7:0: (a) a=H � 0:1; (b)

a=H � 0:3.

Fig. 12. Dimensionless channel head loss.
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more pronounced for the cases of lower Darcy number and
longer insert. In view of minimizing the frictional losses re-
sulting from the porous insert, the combination of a medium
Darcy number and long insert is favored.

It should be noted that the ratio of the e�ective thermal
conductivity of porous medium to ¯uid conductivity was set
only equal to 1 in this study, and heat transfer is expected to be
further enhanced with a high-conductivity porous insert.

5. Concluding remarks

A new high-order upwind characteristics ®nite-volume al-
gorithm for numerical simulation of incompressible laminar
¯ow and forced convection heat transfer over a ¯uid/porous
composite system has been presented. The use of unstructured
approaches make the scheme very ¯exible in dealing with
complex boundary geometry. The introduction of uni®ed
governing equations greatly simpli®ed the numerical solution
procedure for the ¯ow over a composite system, since no
matching conditions at the ¯uid/porous interface are needed.
The discretized equations are solved by an explicit multistage
Runge±Kutta time stepping scheme. It has been proved that

the point-implicit treatment to porous-insert-introduced
source terms in discretized equations is very e�ective in ob-
taining converged solution. The numerical model has been
validated through a number of test cases. The results of nu-
merical investigation on ¯uid ¯ow over a 2D backward-facing
step showed that the porous insert in¯uences the downstream
¯ow structure greatly, the heat transfer performance is hence
improved signi®cantly even if the thermal conductivity of
porous medium is the same as the ¯uid.
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